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SUPPLEMENT A 

HYDRAULICS 

This supplement is intended to augment the material of subsection 4.7 of 
the Hydraulics Section of the Engineering Handbook. 

The objective in the preparation of Supplement A is two-fold: (a) Present 
improved methods for the computation of' water-surface profiles which also re- 
quire less effort and time, (b) Furnish working aids for the computations. 

The ability to solve water-surface profiles in artificial or natural channels 
is required in many phases of the work of the Soil Conservation Service. 
Typical problems requiring such computations are: (1) The determynation of 
tailwater depth needed in the hydraulic design of spillways in which dissi- 
pation of kinetic energy is necessary. (2) The design of artificial chan- 
nels to determine their size or capacity. (3) The determination of areas of 
inundation for various discharges in natural drainage ways for flood damage 
evaluation. (4) The design of gradient control systems. ( 5 )  The design of 
drainage and irrigation systems. 

It is expected that material improvement and saving of time in the computa- 
tion of water-surface profiles can be made in the future. 

Mr. Paul D. Doubt has developed major improvements in the methodology of com- 
puting water-surface profiles in the preparation of Supplement A that can 
effect significant savings in time spent on such work. Messrs. Richard M. 
Matthews and Rulon M. Jensen have helped materially with the calculations 
and in the preparation of the charts and examples. Miss Joan Donovan typed 
the manuscript. This work was done under the general direction of Mr. M. M. 
Culp, Bead, Design Section. 





SUPPUMETP A TO SUBSECTION 4 OPEN C m L  FLOW 

WATER SURFACE PROFILES 

PART 1 

INTRODUCTION AND DERIVATIONS 

A number of writers have presented various methods for solving the sur- 
face profile of steady flow in open channels. Some methods are derived by 
integrating the differential equation of varied flow for special limiting 
cases or by means of certain approximations. These methods restrict their 
solutions to prismatic channels. Other methods make use of the slope which 
the differential equation defines. The slope, dd/d~, for a reach is evalu- 
ated either as an average of the slopes at the end sections or as the slope 
existing at some intermediate section in the reach. It is proper to use any 
such process of averaging for the arithmetical error may be kept as arbi- 
trarily small as desired by choosing a sufficiently small increment of the 
reach. 

This supplement presents methods and working aids by which water-surface 
profiles for steady flow in open channels may be determined as a direct so- 
lution for either prismatic or natural channels. Two methods of water- 
surface-profile determinations are given along with examples. The first 
method is associated with prismatic channels. The varied or nonuniform-flow 
differential equation has been rewritten in terms of two channel parameters 
and the discharge Q for which the profile is being determined in prismatic 
channels. Because of this, a number of water-surface profiles for various 
discharges Q may be solved for a given channel with a minimum amount of ad- 
ditional work. The two parameters designated as Qc,d and Qn,d are the criti- 
cal and rormal discharges, respectively, for the depth of flow in the chan- 
nel. These two parameters are also used to determine flow condition or pro- 
file type. Thus, use is made of the parameters in two distinct ways. Charts 
are included to enable quick evaluation of these parameters. The second 
method is associated with natural channels. 

Equation of varied flow. The customary basic assumptions generally 
postulated in the theory of kried flow are reiterated briefly in this deri- 
- 

vation. The restrictive character of some assumptions can be relieved by 
approximations or corrections. 

The assumptions are: 

1. Steady flow conditions exist; that is, the discharge at each sec- 
tion remains constant and equal for the time interval under consideration. 

2. Manning's formula defines the slope of the energy gradient. 

3. Flat slope channels are assumed; that is, channel slopes are suf- 
ficiently flat so the following approximations are valid or acceptable. 

a. The depth of flow, which is generally measured normal to the 
bottom slope, may be measured vertically. 

b. Hydrostatic pressure distribution exists throughout the depth 
of flow. This statement requires that little vertical curvilinear 
movement exists. 



c. The slope of the water surface is sufficiently flat so that 
the depth of flow measured in a vertical direction is a close ap- 
proximation of the hydrostatic head. 

d. No air entrainment occurs. 

4. The velocity distribution in each section is nearly equal to the 
average velocity v such that the quantity $/pg may be a sufficiently close 
expression of the kinetic energy head. 

a. This requires that the cross profile of the water surface 
be nearly level. 

5. No significant unaccountable losses occur, such as those due to 
bends, hydraulic jumps, and abrupt transitions. 

Although the derivation of the varied flow equation may be found in 
many references, it will be repeated here because of the numerous forms in 
which it appears 

Rearranging 
2 2 

v2 vl - (so - S H L Z  - h) (a2 - dl) + - - - - 
2g 2g 

Now as (L2 - L , )  = At-0  j then (d, - d l )  = M - - 0  and 



Hence, writing in differential form after aividing Eq. A.l by At 

This is a common form in which the varied flow equation is presented. The 
rate of change of depth of flow with respect to length of reach, dd/d&, can 
be written as a function of so, Qc, a, &,a, and Q. 

Differential equation of varied flow for positive slopes. Proceeding 
to write the terms of Eq. A.2 in terms of the five quantities mentioned, the 

second term will be considered first. The term - - ' dC "["I 2g 
which expresses the 

rate of change in velocity head can be written by observing 

But 

for da = T dd 

Theref ore 

Let 

Then 

The slope of the energy gradient, s ,  (or the rate of energy loss due to 
friction per unit length of channel) is also to be rewritten. By Manning's 
formula 

2 

= [I_.48,"Edd A 3 

Further, at the same depth of flow used in evaluating Eq. A.5 there corre- 
sponds a normal discharge Q, for a channel having a positive slope so and 
a roughness coefficient n. h i s  discharge is written 

1'486 a?l3 in Eqs . A.5 and A.6 obtain eliminating the factor 7 



Substituting the terms expressed by Eqs. A.4 and A.7 into the varied flow 
Eq. A.2 and rearranging 

de 
- dd - 
[&I2 - A.8 

I 
is the differential equation of varied flow for positive-slope channels 
which will be considered further. 

Differential equation of varied floTd for channels having horizontal 
bottoms. The differential equations for channels having horizontal or - 
negative (adverse) bottom slopes can be written in terms of Q, Qc,d, and 

Qn, a if the quantity Q is defined. The normal discharge, as defined for n,a positive-slope channels, does not exist for channels having horizontal bot- 
toms. This can be readily ascertained for so is zero in Eq. A.6 and Qn d 
is zero. To eliminate this seemingly unfortunate situation, the quantity 
Qn,d for channels having horizontal bottoms is arbitrarily defined to be 
the same as though the channel has a positive slope of wity. The slope of 
the energy gradient is still given by Eq. A.5, but at the same depth of 
flow used in evaluating Eq. A.5 there corresponds a normal discharge, Qn,d, 
for the same channel having a positive slope of unity and of roughness 
coefficient n. This discharge is written 

Eliminating the factor 
1.486 ar2/3 

in Eqs. A.5 and A.9 obtain 
n 

= [&I2 A.10 

Then by Eq. A.2 in which so is zero and Eqs. ~ . 4  and A.10,  the varied flow 
equation for channels with horizontal bottoms becomes 

at - - 
dd - A.11 

Differential equation of varied flow for channels having negative 
slopes. For channels having negative slopes, the normal discharge Qn,d 
becomes imaginary according to an evaluation of Manning's formula and the - 
deficition of normal discharge for positive slopes. 

This is readily ascertained for so is negative in Eq. A . 6 .  To eliminate any 
element of confusion which might arise in the use of imaginary numbers, the 
normal discharge Q for negative slopes will be given a definition dif- 

n,d 
ferent f ~ o m  that used for channels with positive slopes. This change in 
definition will necesc;tiri.ly cause a change in the varied flow differential 



equation from that given by Eq. A.8. On taking the definition of the normal 
discharge of the same channel with a positive slope Iso) the evaluation of 
the slope of the energy gradient, on using the same argument as before, be- 
comes 

The varied flow 
by substituting 

The symbol /sol 

differential equation for channels with negative slope i s ,  
Eqs. ~ . 4  and A.12 into Eq. A.2, 

is the absolute value (or the positive value) of the nega- 
- 

tive slope Iso/ and Qn,d is evaluated as a real number for the channel having 
the positive slope (sd at the depth of flow d. 

PART 2 

FLOW CONDITIONS 

During the process of the solution of Eq. A.8, it will be necessary to 
know or be able to recognize flow conditions. Therefore, before furt,her con- 
sidering this equation, the criteria which will define flow conditions will 
be considered. Flow conditions have three aspects: (1) flow is subcritical, 
critical, or supercritical; (2) flow is subnormal, normal, or supernormal; 
( 3 )  flow is retarded, constant velocity (i.e., uniform), or accelerated. As 
will be seen, these three aspects are not independent of one another for, in 
general, any two will establish the third. Flow conditions are evaluated at 
a particular section having a depth of flow d and a given discharge Q. The 
flow conditions will become apparent dming the solution for a surface pro- 
file upon observing the values of the terms Q/Q~ dj Q/Q~, d; and dd/d&. The 
criteria which will define flow conditions will $e discussed in the following 
three paragraphs. The relationship between the three aspects will be con- 
sidered in the fourth paragraph. A summary of the discussion is given in 
table A.1, page ~.8. 

The critical discharge at depth d may be determined for a given channel 
section hy the relation Eq. A.3. The value of the ratio Q/Q,, d can be used 
as a criterion to determine whether a discharge of Q flowing at a depth d is 
subcritical, critical, or supercritical flow. By definftion, the flow of a 
discharge Q at the depth d is subcritical, critical, or supercritical ac- 
cording to whether Q is less than, equal to, or greater than the critical 
discharge Q corresponding to the depth d. Hence, the general criterion 

c,d m y  be written: the flow of a discharge Q at a depth d will be subcritical, 
critical, or supercritical according to whether Q / Q ~  d is less than, equal 
to, or greater than unity. It is important to remem6er that the discharge Q 
at a flow depth d is compared to the datum Qc,d in determining the prefix to 
the word critical. Frequently, the depth of flow d for a discharge Q is com- 
pared to the datum dc corresponding to the discharge Q to determine this flow 



condition. An interchange of prefixes is obtained by this comparison, for 
when d is less than dc the flow is supercritical and when d is greater than 
dc flow is subcritical. The criterion can also be worded: the depth of flow 
d will be less than, equal to, or greater than critical depth of flow for Q 
according to whether Q/QcJd is greater than, equal to, or less than unity. 

The normal discharge at depth d for a given channel section of infini- 
tesimal length, having a bottom slope so and roughness coefficient n, may be 
obtained by Eq . A . 6 .  The vtlue of the ratio Q/Q,, can be used as a cri- 
terion to determine whether a discharge Q flowing at depth d is subnormal, 
normal, or supernormal flow. The flow of a discharge Q at a depth d is sub- 
normal, normal, or supernormal according to whether Q is less than, equal to, 
or greater than the normal discharge Qn,d corresponding to the depth d. The 
criterion may be written: The flow of a discharge Q at a depth d will be 
subnormal, normal, or supernormal according to whether Q/Q is Less than, 

n,d 
equal to, or greater than unity. Here again, it is important to remember the 
discharge Q flowing at the depth d is compared to the datum Qn,d in deter- 
mining the prefix to the word normal. It is desirable to observe that the 
depth of flow d for a discharge Q may be compared to the datum dn, the normal 
depth of flow corresponding to the discharge Q, to determine this flow con- 
dition. Once more, an interchange of prefixes is obtained by this compari- 
son, for the flow is supernormal when d is less than dn and when d is greater 
than d, the Plow is subnormal. Rewriting the criterion: the depth of flow d 
for a discharge Q is less than, equal to, or greater than the normal depth 4, 
corresponding to Q according to whether the ratio 9/Qn7d is greater than 
equal to, or less than unity. 

According to the sign convention used in deriving Eq. A.8, the value 
d d / d ~  (the instantaneous rate of change of depth with respect to the length 
of channel at n section) is positive when the depth of flow is increasing in 
a downstream direction. This imposes that flow be retarded. The criterion 
becomes: a discharge Q flowing-at a depth d is retarded, uniform, or accel- 
erated flow according to whether dd/d& is positive, zero, or negative. 

Equation ~ . 8  shows that dd/d& is positive if the ratios Q / Q ~ , ~  and 
Q/Q,, are: 

(a) both greater than unity, or 
(b) both less than unity. 

In other words, as has been shown by the three preceding paragraphs, flow is 
retarded for the following two sets of flow conditions: 

( b  ' ) flow is supercritical and supernormal 
( b f  ) flow is subcritical and subnormal 

Again Eq. A.8 reveals that ddldt is negative if 
(c) the ratio Q/Q,, is greater than unity and Q/Q~, d is less than 

unity, or 
(d) the ratio Q/Q,,~ is less than unity and Q/Q is greater than 

unity. 
n,a 

Therefore, flow is accelerated when 
(c ) flow is supercritical and subnormal, or 
(dl ) flow is subcritical and supernormal. 

Certain special cases of flow conditions OLC:~: when Q/Q,,~ = 1. If 
Q / Q ~ , ~  = 1 and Q/Q,,~ i. 1 then dd/dt = 0 and flc r is at normal depth or 



_!hiform flow occurs. The uniform flow'-is 
(1) subcritical if 9/QcJd <. 1 

(2) supercritical if Q / Q ~ , ~  > i. 
knother set of special cases is obtained when Q/Q,,~ = 1 and Q/Q,,~ 1. If 
Q/Q,,~ = 1 and ~ 1 % ~ ~  > 1 then dd/U = +a and 

(3)  flow is at critical depth and is being retarded through a hy- 
draulic jump, i.e., flow is passing from a supercritical con- 
dition to a subcritical condition and is supernormal. 

If Q/Q,, d = 1 and Q/Q, < 1 then dd/dt = - and 
(4) flow is at critical depth and is being accelerated through a 

control section, i.e., the bottom slope of the channel in- 
creases from a slope less than critical to a slope equal to 
or greater than critical. 

= 1 and Q/Q,,~ = 1 
When Q'Q~5~ the very special unstable case of uniform critical flow is ob- 

tained. In this case, dd/dt is of the indeterminate form, 
o/o . 

It can be observed that any two aspects of flow conditions will not 
necessarily determine the third, nor are the three aspects independent for 
the special cases of flow condition. 

A knowledge of flow conditions is required before computations can be 
performed properly and reliably. For instance, computations for profiles of 
subcritical flows are made in an upstream direction and computations for 
supercritical flows are made in a downstream direction. There are definite 
physical reasons for this statement. It has been shown that when flow is 
supercritical the depth of flow at a given section is unaffected by any 
channel elements, or change of channel elements, downstream from the section 
so long as the flow remiins supercritical at the section under consideration. 
Therefore, the depth of flow at the given section is dependent only on the 
flow characteristics upstream from the section at which supercritical flow 
exists. Hence, to consider the effect of these upstream flow characteristics 
in deducing the value of depth of flow at a section, profile computations for 
supercritical flows must be carried in a downstream direction to this section. 

Similarly, the depth of flow at a given section which is subcritical is 
not influenced by any of the channel elements or change of channel elements 
upstream from the section as long as the flow remains subcritical at the 
section. The depth of flow at the section is dependent only on the flow 
characteristics of the channel downstream from the section. The effects of 
these flow characteristics on the subcritical depth at the section can only 
be used by considering them in solving for the depth at the section. Thus, 
surface profile computations must be carried in an upstream direction in 
regions of subcritical flow. 

When computations are made in the incorrect directions, solutions for 
the depth of flow diverge from the correct depth. Conversely, when compu- 
tations are made in the correct direction the calculated depth of flow tends 
to converge to the correct depth even though the initial depth is incorrect. 
This fact is used in determining a depth of flow. See ES-83, Ex. 4, page 
A.19. 





Because of these facts, the value of the ratio &/Qc,d will be used to 
determine the direction in which computations are to be carried. Computa- 
tions are to be carried in a downstream or upstream direction according to 
whether Q / Q ~ , ~  is greater or less than unity. If Q / Q ~ , ~  is unity, either a 
control sectlon exists at some break in grade or a hydraulic jump exists or 
flow is uniform and critical. 

PART 3 

DETERMINATION OF WATER SURFACE PROFILE 

The objective in the majority of water-surface-profile problems is the 
determination of the surface profile for a given discharge Q. Two methods 
are presented. The first and simpler method presented is applicable only to 
prismatic channels and is illustrated by Exs. 1, 2, and 3, ES-83, pages A.16 
to ~ . 1 8  inclusive. The second method, illustrated by Exs. 4, 5, and 6, is 
applicable to either prismatic or natural channels and is particularly use- 
ful in the determination of a number of surface profiles for various dis- 
charges in a given channel. Both methods give direct results, thus eliminat- 
ing all trial and error procedures. 

The type of problem solvable by the simpler method. The simpler method 
determines the length of reach between two depths of flow for a given dis- 
charge Q in a given prismatic channel. The water-surface profile solvable 
by this method has the following data given: 

1. The discharge Q, for which the water-surface profile is to be 
determined. 

2. The size and shape of the prismatic channel. 

3. The slopes of the channel bottom and Locations at which changes 
in grades occux . 

4. Manning's roughness coefficient n. 

5 .  Depth of flow at the downstream section of the channel, if flow 
is subcritical, or at the upstream section of the channel, if flow is super- 
critical. If the depth of flow is not given, it must be determinable. One 
or both of two procedures can be used to determine the depth when the depth 
of flow is not given. One procedure is to determine a control section. This 
is illustrated by Ex. 1, ES-83, page ~.16. The second procedure is illus- 
trated by Ex. 4, ES-83, pages A. 19 through A.21. 

The first step in solving a water-surface profile is to determine which 
of those breaks in grade of the channel bottom are control sections for the 
discharge Q, the surface profile of which is being determined. The depth of 
flow at a control section is the critical depth d,, corresponding to the 
discharge Q. Any method of water-surface-profile determination requires 
that one depth of flow be given or be determinable. See sheet 4, ES-38, for 
definition of control sections. 

The second step for the solution of a water-surface profile in prismatic 
channels is generally the determination of the normal depth of flow for each 
bottom slope of the channel for the discharge Q. 



The t h i r d  s t ep  i s  t he  determination of the  water-surface r o f i l e  it- 
s e l f .  The d i rec t ion  i n  which the  computations a r e  t o  be made 7 see pages 
A . 7  and A . 9 )  i s  known. Equation A . 8  nay be rewri t ten  i n  the  form 

It i s  good prac t i ce  t o  tabula te  data i n  
the  t ab l e  i n  ES-83, page A . 1 6 .  Various 

a manner s imi lar  t o  t h a t  shown by 
values of depths a r e  a r b i t r a r i l y  

se lec ted  between t he  known depth and the  normal depth of flow f o r  the  dis-  
charge Q.  Observe t h a t  t he  i d e n t i t i e s  

Q 
Qn, d 

a r e  t r u e .  The 'numerator of the  l e f t  hand member of each i den t i t y  i s  found 
i n  performing t he  second s t ep  and the  denominators can be read from ES-24 
and ES-55, pagesA.26 t o  A.29 f o r  the  se lected depths d of flow. The 
value of R may be determined by ES-53, page A . 3 0 ,  o r  ca lcula ted by subst i -  
t u t i ng  i n t o  Eq .  A.B. 

For various values of d, a p lo t  of corresponding values of 2 ~ / s ,  can 
be made. Such a p lo t  i s  given by Fig .  A.2, page A . l l .  I n  general,  when 
d = dc the  value of 2R/sO i s  zero and f o r  values of a d d n  t he  value of 
2Tl/so- fco, where dn i s  the  normal depth corresponding t o  the  discharge 
Q.  The value of 2 ~ / s ,  i s  posi t ive  when flow i s  re tarded and negative when 
flow i s  accelerated.  The value of 2 ~ / s ,  i s  a l s o  t he  value of dt/dd. The 
area  under t he  curve i n  Fig .  A . 2 ,  page A . 1 1 ,  between t he  depths dl and d2 
i s  t he  i n t eg ra l  

where t2 - t1 i s  t he  length of the  channel between sect ions  1 and 2.  
Since dt/dd i s  a function of d, which i s  not read i ly  integrated,  it w i l l  
be e a s i e r  t o  evaluatc the  area under the  curve by numerical ca lcula t ions .  
A close approximation of t h i s  area  i s  the  area  of a parallelogram having 
p a r a l l e l  s ides  of lengths 2Rl/so and 2R,/so and width of (d2 - d l ) .  The 



area of this parallelogram is 

which has been shown to be approximately equal to C ,  - C,, the length of the 
channel between sections 1 and 2. The approximation is improved considera- 
bly by selecting smaller values of increments of depths (d, - dl). 

Area represents the length of reach / !  

In the derivation of the varied-flow equation, the origin of C was con- 
sidered as some point upstream from sections 1 and 2 and C was positive in 
the direction of flow; further, section 1 was considered to be upstream from 
section 2. Hence, in all calculations, if section 1 is upstream from sec- 
tion 2, the quantity ( 8 ,  - L1) must be positive irrespective of the direc- 
tion in which computations ::re carried. 

The evaluation of water-surface profiles for prismatic channels having 
horizontal and adverse bottom slopes m y  be solved in a similar way using 
Eqs. A.11 and A.13. See Exs. 2 and 3, pages A.17 and A.18. 

Introduction to second method. The method of solving for a water- 
surface profile by the second method is distinctly different from that pre- 
sented by the foregoing method. Water-surface profiles for prismatic chan- 
nels would seldom be determined by this method, since the first method pre- 
sented is simpler and more direct. This method would be advantageous for a 
given prismatic channel if a number of water-surface profiles are required 
for various discharges Q. 

The following method is basically a re-evaluation and extension of 
Francis F. Escoffier's' method, in which changes in velocity heads were neg- 
lected. This method does qot neglect velocity heads. A considerable amount 

'~scoffier, Francis F., Graphical Calculation of Backwater Eliminates 
Solution by Trial, Engineering News-Record, June 27, 1946. 



of computations may be eliminated by using certain relationships between the 
depth of flow and channel characteristics as shown by ~akhmeteffl, and Von 
seggern2. These relationships show a nearly linear variation of depth of 

2 
flow d and the characteristics s,/Q,, d and Qc. d when log-log plots are made. 
This is illustrated by Figs. 2, 3, and 4 of Ex. 4, ES-83, page A. 19. 

 on-prismatic channels, such as natural waterways, have cross sections 
given at definite stations. Thus, definite lengths of reaches are given and 
the depth of flow is the variable to be determined. Dictating that the 
depth be the variable to be determined complicates the solution for water- 
surface profiles because the depth is expressed implicitly in the equation. 

Certain close approximations and assumptions will be made in the de- 
velopment of this method. Only by increasing the number of cross sections 
and correct evaluation of Manning's roughness coefficient n, rather than 
algebraic manipulation of formulas, is the error in predicting a water- 
surface profile kept small. The error introdu~ed by the given approximations 
will, without, exception, be smaller than thak introduced by incorrect evalu- 
ation of n and an inaccurate and insufficient number of cross sections. 

Once the water-surface profile has been solved for a given discharge 
in a pa.rticular channel, only a small amount of additional work is required 
to compute water-surface profiles for a large number of other discharges. 

The type of problem solvable by the second method will have the follow- 
ing data given: 

l.. The discharge Q, for which the water-surface profile is 
determined. 

2. The cross sections of the channel. 

3. The distance between the given cross sections. 

4. The slopes of the channel bottom or the elevations of the bot- 
tom of the given cross sections. 

5. Manning's roughness coefficient n for various flow areas of the 
cross sections. 

6 .  The depth of flow at some section or a control section. Gener- 
ally, this depth will not be given but can be approximated closely. A 
method of making this approximation is given. 

The first step in solving a water-surface profile, as in the foregoing 
method, is the determination of which breaks in grade in the channel. bottom 
are control sections. See page 4, ES-38. When no depth of flow is given 
and the channel has no control section, the depth of flow can be closely 
approximated for subcritical flows in the following manner. Determine a 

'~akhmeteff, Boris A., Hydraulics of Open Channels, McGraw-Hill, Equa- 
tion 70, page 84. 

 on Seggern, M. E . , Integrating the Equation of Non-uniform Flow, MCE 
Transactions, V. 115, (1950), page 71. 



probable maximum and minimum depth at a sufficiently great distance down- 
stream from the portion of the channel for which the water-surface profile 
is to be solved. Compute two water-surface profiles, in an upstream direc- 
tion, commencing the profiles at these maximum and minimum depths. These 
two water-surface profiles converge to nearly the same depth of flow at the 
downstream section of the reach of channel for which the profiles are to be 
determined when the maximum and minimum depths have been chosen at a suffi- 
ciently great distance downstream. See Ex. 4, ES-$3, page A.19. 

Development of equation. By Bernoulli's theorem, see Fig. A.3. 

FIGURE 

where E = elevation of water surface 
hf = friction head loss between 

Rewriting 

in feet 
secticns 1 and 2 

As shown by Eq. A . 7 ,  the rate of friction-head loss at any section 1, sl, is 

Assuming the rate of friction-head loss s for the reach (-L2 - L 1 )  as 
the average of the friction-head loss at section 1 and 2, or 



A. 14 

Observing that 

obtain on substituting into Eqs. A.16 and A.17 

Rearranging 

on letting 

and 

Equation A. 18 becomes 

This formula is the form used to determine water-surface profiles. Assume 
d2 is given for the discharge along with the first 5 listed quantities of 
page A.12. If d, > dc, then water-surface-profile calculations are made in 
an upstream direction and it is required that dl be determined. The terms 
El and U; are functions of dl, and E2 and $ are functions of d2. Thus, 
every term in Eq. A.21 is known except El and U;. The terms E, and U; would 
also be known if d, were known. Select various values of d, and plot the U; 
curve, using ordinates of El and abscissas of U;. Plot the point P2 having 
the coordinates $, E, for the given value of d2. (See Fig. ~.4, page ~.15) 

Q2 Draw a straight line having a slope of - - from P2 to intersect the 
265 

curve U; at point P,. By this construction, the point P, has the relation- 
ship 

E l  - E2 Q2 = tan 8 = - 
u; - u; 2g 

But this is also the relationship which must be satisfied to determine the 
water-surface profile, see Eq. A.21. Therefore, this is a graphical solu- 
tion for the water-surface profile and E, at the point P1 is the water- 
surface elevation at section 1. Moreover, this construction constitutes a 



direct graphical solution of the depth of flow d,. This graphical solution 
is of a form which requires little additional work to determine the water- 
surface profile for any discharge once the values of $ and U; have been 
computed. 

The procedure for computing a water-surface profile in natural channels 
is illustrated in Exs. 4, 5, and 6 o-f ES-83, pages A.19 through ~ . 2 5 .  Much 
computational work can be eliminated in determining the values of Qc,d, 
s 0 1 - - + , U2, and U; for intermediate values of depths by observing the 

nearly straight-line relationship which exists on a log-log plot when the 
side slopes of the banks remain nearly constant. See ES-83, Figs. 3, k ,  5, 
6, and 7, pages A.19 and A.20. Coordinates for these plots should be deter- 
mined at depths of flows at which the cross-sectional bank slope abruptly 
changes. If no appreciable change in the slope of banks occurs in the re- 
gion of depths under consideration, these values should be evaluated at depth 
intervals of 3 to 4 feet, The plots of Figs. 2 and 3, page A.19, are used 
to determine which sections are control sections, and whether flow is sub- 
critical or supercritical. 

FIGURE ~ . 4  
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HYDRAULICS: NON-UNIFORM- FLOW IN A PRISMATIC CHANNEL WITH A LEVEL BOTTOM - Example 2 
ExMWLE2 

a: A prismatic  t rapezoidal  earth splliway P i t h  3 t o  1 aide slopes.  
m e  bottom of t he  spillway i s  l eve l  and is 200 ft long and 75 i t  wide 
i n  t he  reach between the control  sect ion and the reservoir. Naming's 
coe f f i c i en t  of roughness n, of the  ep i l l v sy  within t h i s  reach, 1s 
est imated t o  be 0.035. The spi l lway 1 s  expected t o  c m w y  1500 cfs. 

m: A. me water-sureace p ro f i l e  i n  t he  spilluay.betueen the  
r e se rvo i r  and the  control  sect ion.  

B. The f r i c t i o n  lose through t h i s  sp l l l vay  measwed i n  f e e t .  
C. The e l e w t i o n  of the water surface i n  t he  reservoir when 

the  spillway i s  diachargln8 1530 cfs. 

Solut ion;  Revrite Eq. 1 . 1 1  In the form 

d l  [&-I - l  - - = PIo 

where 9, i s  defined as t he  normal discharge cmresponaing t o  a 
depth d &a chame i  b o t t m  slope of s, = 1.0.  quat ti on A.U i s  t o  
be u e d  only fo r  chaanels with horizontal  bottoms. The qvanti ty so 
by de f in i t i on  l a  un i ty  when uorPdng n t h  En. A . l l  and Maaning'a 
formula even though the  ac tua l  d u p e  of t he  channel i s  zero. 

A. l .  Solve fo r  the deprh of flow a t  t h e  control  sect ion S t a  2ND. 
me depth of f l a r  a t  t he  control  scct lon i s  c r i t i c a l  depth 
corrraponaing t o  the discbarge Q - 1500 c f s .  

; r q = 20 c f & t  ; ; = + = 0.04 

From E6-24, ac - 2.25 ft 
2. Solve for t h e  value or 

3 .  Prepare Tsble 1 

iei Col- 1 l i s t e  arbitrarily se l ec t ed  depths geater  than 
e r i t ~ c a l  depth, beginnins v i t h  d &= 2.25 ft. The range 
of required depths cannot be rea l y  predetermined. 

(bj Calrrmn 2 lists t he  s e l ec t ed  depths of column 1 divlded 
by the b o t h  uidth of the  channel. 

( e l  Column 3 i s  read fram ES-55. 
( d l  Colvmn 4 is rean Prom ES-21,- -. 
( e l  column 5 l i s t *  -'e -,j,24~0 x 1 0 4  atep 2 

a'/.,;/. . -  
sboue) divided by c o l r m  3 .  

( I !  C ~ l m  6 l i s t =  Q/b - 20 0divided by column 4.  
{g) Columns 7 and 8 are the squares of columns 5 ana 6 .  
(h l  Column 9 l i s t s  column 8 minus unity.  This is the n u e r -  

a t o r  of t he  right-hand member of Ep. A.11. 
l i )  Column l o  l i a t s  calm 9 divided by column 1. This IS 

equal t o  t he  left-hand member ef Eq. A.11. 
( J )  Col- 11 116t6 the  sum of the valuea of R,, a t  the end 

se t t i one  OP each reach. 
(k) Column l2 116tS t he  average vslue of H, far each reach or 

calm 11 t i u e s  b. 
( 1 )  Column 13 l i s t s  t he  blfference i n  selected dcpth of 

column 1. 
(m) collnan 14 l i s t s  t he  length of each reach between the se- 

l e c t ed  depths l i s t e d  i n  c a l m  1 at~d i s  c o l m  12 times 
co1- 13. 

(n] Calm 15 l i s t s  thc distances Prom t he  control  sect ion in. 
the upstream d i r ec t ion  and .is t he  accumulstsd t o t a l  OP 
column 14 

8.1. m e  specific energy a t  the control  sect ion i s  

=,, - a, + 

a, s dc(b + zd.1 - 2.25 [75 r j (2.254 = 183.g4 f t 2  

v - = lW0 - 8.155 f t /see 
c - a c  18J.9"- 

- = 1.034 f t  Be, = 2.25 + l . o j h  3 . ~ 8 4  tr 
2g 

2. The s p c i f l c  energy a t  S t a  O m  i a  

Be, = do + 
28 

do = 3.77 R (by in t e rpo la t i ng  between d = 3.7 and a - 3.8 and 
obseruing t h a t  t he  e o n t r d  sect ion i s  mO ft downstream 
fron the reservoir  pool.) 

a, = &(b i z k )  - 5.77 [75 + 3 0 , 1 7 g  = 525.39 f t 2  

Yo = - a - 4.610 f t / s ec  
a, 325.39 g = gg. o.j* rt 

Re, - 3.77 + o.JW m 4.100 r t  

3. s ince t h e  s p i l l m y  b o t t m  i s  level ,  t he  dtfference In t he  spec i f i c  
energy head a t  Sta O+W and t he  fon t ro l  sect ion (Heo - E e e )  1s 
t he  Prict ion head l o s s  hf i n  t h i s  reach. 

h p = R , , - R e ,  -4.lW-3.204 =D.R16 R 

C.1. The elevat ion of  t he  , a t e =  svrCacc i n  the reservoir i s  equal t o  
the apeclfic enera head a t  Sta  WOO plus the elevat ion of 
the bottan. o r  chsnnel a t  S t a  a tW.  Elevation of water aur- 
face in the reservoir  1s 

100.0 i He" r 104.100 f t  

The trapezoiaal  shape of t h i s  sprllwey does not e x i a t  f o r  t he  f u l l  
depth of f l w  i n  t he  reach near the antrbnce of t he  spi l lway.  By neg- 
l ec t i ng  the e f f ec t  of t h i s  condition, as i s  done i n  the example, t he  
Water mrrace elevat ion in the reservoir  required t o  produce a given 
dischsrge through the spillway 1 s  s l i g h t l y  g rea t e r  t h e n  the elevation 
r e w i r e d  had t h i s  effect been eusluated. 

Reservoir r a i w  surface 

TYPICAL SECTION 

PROFILE ALONG CENTER LINE 

REFERENCE U. S. DEPARTMENT OF AGRICULTURE STANDARD DWG. NO. 

SOIL CONSERVATION SERVICE E S - 8 3 
SHEET OF 

ENGINEERING DMSION-DESIGN SECTION 
DATE - - lo - - 



A.. 

HYDRAULICS: NON -UNIFORM FLqW IN A PRISMATIC CHANNEL WITH A NEGATIVE BOTTOM SLOPE - EXAMPLE 3 

-: Rerrita Eq. A.13 in the iom 

a.1. solve fm t h e  s r i t i c u  depth oe fiow ~orreapandlng t o  the ais. 
c b r z e  of 1x0 c h .  

2 - = 20 crs/lt 

( h i  C.1- 10 l i s t s  the average mluc of R :or each reach. 
(51 Cml- U l i s t s  the Urference In dcpit of Rw at the  

ma r c c t l e "  Of each ree+h. 
I j 1 C a l m  U l i s t s  e o l m  11 aivlded by lenl . 
( k i  Cel- 13 u s t o  the lemth of esah reach and 3s column 

10 thee col- 12. 
[I) c a l m  14 l i s t i t h e  dlstance upstma. r m  the weah 

in w d c  a t  Sta l+W nnd i s  the a c c d e t e d  total  of . . 
c o r m  I,. 

(a)  calm I5 llets the s t s t i d n g  foe the re ledad depths 
or e1w "Bed in calm I .  

w.1. BYEX. 2, the specifrc energy at ata l+90 is H.. = 3.2% P.. 
2 .   he apectfic energy at  Stn ww I* 

He, - d, + $ - 13.824 fi 

& - 23.81 R by interpalatia, between a - 13 it and L = 14 it 

3.  me friction 106s rro. Sta O1OO t~ sta  I+% is the difference in 
the elevation of t h e  energy sradlcnr at st. 0a3 t o  sta 1~90. 
The clemtlon or the cncrgy gradlent at 8% &W is the -1.- 
m i o n  of the b D t t m  of t h e  spilluay p l u  the specific cncrgy 
at St., O.W. 
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HYDRAULICS: NON-UNIFORM FLOW IN A NATURAL CHANNEL FOR VARIOUS DISCHARGES 
Example 5 - 

EXAMPLE 5 
This example deals with the same natural channel ss given in Ex. 6 Solution: Equation A.18 is used for this solution. (See Ex. 4) 

merely to eliminate repetition of an additional set of similar data. 
Example 5 is diatinctly different from Ex. 4 and the problema are in no 1. Prepare tabular form given by Table 1, Ex. 4. 
way related. The approximate depth of flow was determined at Sta WW 2. Prepare Figs. 2 and j of Ex. L .  

in Ex. 4 .  In Ex. 5 the depths at Sta 17+90 have been determined and 3 .  Solve which sections are control sections for dlscbargas of 

water-surface profiles are to be determined for varioue dlschargee. 6000, 7000, 8000, and gOW c'fs. Thls procedure is de- 
scribed by Ex. 4 and the results are given in Table A. 

Given: Ch-el crosa sections and stationing of a natural channel No control sections exist for all discharges considered 

along- roughnew coefficient n as 6 h m  by Fig. 1 of Ex. 4. The since all bottom slopes 8, are less than critical slope 6,. 

dikes are sufficiently high to contein flovs of gOW cfs. The depths 4. Solve for wnter-surface profiles corresponding to the given 
of flov et Sta 17+90 have been determined for various discharges. discharges. 

a. Prepare tabular form given by Table 4, Ex. 4. 
Determine: The water-surface <rp- Discharge depth Of *lW b. It may be desirable to prepare Figs. 6 and 7 of Ex. 4. 

files for discharges 6000 7000, c. Prepare Fig. A similar to Fig. 8 of Ex. 4. 
8000, and 9000 cfs and th: d i s -  (i) Plot U; vs elevation curves-. 
charge vs depth curve at Sta 7000 (ill Plot $ vs el.ewtion curves. 
o+oo. mw 16.1 (iii) C o l m  2 of Table A gives the slope6 of straight 

90W 17.5 lines connecting the curves U; and U: for the 
various dischnrges. This procedure is cx- 

'IGURE A 
PROCEDURE FOR ORAPHICAL DETERMINATION plained in EX. 4, item kc, (iii) 

OF WATER SURFlCE PROFILES (iv) Make graphical solution for water surface pro- 
FROM STA n t s o  r o  m. o+oo files corresponding to the given blscharges. 

and depths of flor at Sea 17+90. This proce- 
dure has been described in Ex. 4. 

5000 6000 7000 BOO0 900( 
9 in cfr 

RATING CURVE AT STA. 0t00 
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HYDRAULICS' NON-UNIFORM FLOW IN A NON-PRISMATIC CHANNEL WITH L E V E L  AND ADVERSE BOTTOM SLOPES 
Example 6. 

FIGURE 1 
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HYDRAULICS: NON-UNIFORM FLOW IN A NON-PRISMATIC CHANNEL WITH LEVEL  AND ADVERSE 
BOTTOM SLOPES - Example 6 .  

FIGURE 2 

FIGURE 3b 

PROCEDURE FOR GRAPHICAL DETERMINATION 
OF WATER-SURFACE PROFILES 

FROM STA. 1 + 9 0  TO STA. 0 + 00 

0 designates points plotted from table I 
W designates U; curves 
'2 designates U: curves 
- wotrr-surfnca profile 0 = 1 5 0 0  cfs  

IO.OXI0~ 20.0XI04 4B.OXIO' 
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HYDRAULICS: UNIFORM DEPTHS AND DISCHARGES IN TRAPEZOIDAL AlOD RECTANGULAR CHANNELS 

SlliHDARD DWG. 110. 
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Exornple No. 5 
Given: r ~ 0 . 5 ,  b: 5.0 Tt.,d-3.15f+, 
A 

Then : y z 0.6043 
b 3 s  

Exornple No. 7a 

~ i v e n : ~ ~ . 5 . 3 3 s . z = 0 7 5 , b : ~ i t  

Then : $11.76 or d z 10.56 

This nomogram was aeve lo~ed  by Paul D. Doubt of  the Desgn Section. U. 9. DEPARTMENT O F  A O R I C U ~ T U H E  
S O I L  C O N S E R V A T I O N  S E R V I C E  

dsed 8-1 7-53 ENGlNEERINLt STANUARDS VNlT 
SHEET -3_. OF 1- 
o m  4-30-51 
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I HYDRAULICS: UNIFORM DEPTHS AND DISCHARGES I W  TRAPEZOIDAL AND RECTANGULAR CHANNELS 

- 

Values of "PR 
ba/, ,a 
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HYDRAULICS: CHART FOR DETERMINING WATER SURFACE PROFILES FOR POSITIVE VALUE OF s, ; STEP METHOD 
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9 . 32 I 6  I# Jsecz GIVES ASSOCIATED SCALES 

DESIGNATION USED IN KEY 
C a b c d e  

t Q, 
T -  SCALES 0 - SCALES 

16- 

- 

II - 

- 

In- 

- 

IS- 

- 

?I - 

11 - 

IZ -  

11 - 

24 - 

M- 

11- 

21- 

D- 

- 

160- 
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111- 

111- 
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g 
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UI - 
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(II- 

410- 
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h 
0,- SCALES 



I C C  

Olt 

OIC 

I I C  

16l 

S11 

105- 
In - 
on - 
01)- 
13)- 

m- 
011- 

oct  - 
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110- 

000- 
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02r7 

011- 

uoc: 

O E l  

0111 

011 

nu 

012- 

OM- 

oe1 

OU- 

011- 

IIZ: 
- 

O E l  

161 

011 

O$l 

O t l  

111 _ 

111- 

011: 

3 

011 

II 

08 

II 

11 - 

09 - 

- 

OE - 
Et - 
nt - 
I t  - 
9 t -  

Et - 
n - 
$1- 

2t - 
It- 

II - 

61 - 

I t  - 
1c- 

9C - 
EC - 
tr - 
I1 - 
1C- 

11- 

ICY 

(1 

11 

$2: 

52: 

OE - 
I C E  
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A.3 

HYDRAULICS: SOLUTION OF CROSS SECTION FACTOR ~ ' * = 1 . 4 8 6 o r ~  
p - 5 10 520 
D :29 i0118 
F = 3 to 520 

Not4 that ore0 values are repeated l o  insure solution on c h o r t ' k t h i n  s ta led  rongs. 
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FORMULA DESIGNATION OF SYMBOLS 
F = Cross-section laclor (see ES 7 6 )  

n = Roughnew coefflcisnt 
On,, = Norm01 discharge at depth d b f s . 1  

S. = Bottom slope o f  channel ( f t . / f l . )  

n SCALES 

KEY 
GIVES ASSOCIATED SCALES 

F SCALES r A 

*% LEFT HAND SCALES,% RIGHT HAND SCALES' 



FORMULA DESIGNATION OF SYMBOLS 
F = Cross-sact~an foctor (see ES 76) 
n = Roushness coefflc!ent 

. 3 I O,.d =Normal  d m h m r p  ot depth d (cfs.1 
- F Z  S. = Bottom slope of chonnel ( f t . l f t . 1  

SCALE DESIGNATION USED IN KEY 
a b c d  

n SCALES 

KEY 
L 

GIVES ASSOCIATED SCALES 

0n.u - so s;,' LEFT HAND SCALES, & RIGHT HAND SCALES 




